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Abstract 



The spectrum of quenched Yang-Mills theory in the large-A^ limit displays strings 
and higher dimensional extended objects. The effective dynamics of string- like exci- 
Cs| I tations is encoded into area preserving Schild action. In this letter, we bridge the gap 

' between SU ( ) gauge models and fully reparametrization invariant Nambu-Goto 

string models by introducing an extra matrix degree of freedom in the Yang- Mills 
action. In the large-A^ limit this matrix variable becomes the world-sheet auxiliary 
field allowing a smooth transition between the Schild and Nambu-Goto strings. The 
■ new improved matrix model we propose here can be extended to p-branes provided 

we enlarge the dimensionality of the target spacetime. 

X 

In the large-N limit SU (N) Yang-Mills gauge theories display string-like ex- 
citations [1]. The effective dynamics of these one-dimensional objects is de- 
scribed by a Schild action which is invariant under area preserving reparametriza- 
tions only. This result allowed to establish a relationship between SU{ oo ) and 
symplectic transformations: cr™ a''^ = a'"^{a), | ^ | = 1, but not between 
SU{ oo ) and the group of general reparametrization encoded into the Nambu- 
Goto action. 

In this letter we are going to show how to recover the reparametrization invari- 
ant Nambu-Goto action form the large- limit of a SU {N) gauge invariant 
action. 
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As a starting point, let us consider an action smoothly interpolating between 
the ( area preserving ) Schild action and the fully ( reparametrization invari- 
ant ) Nambu-Goto action can be written by introducing an auxiliary world- 
sheet field $(ct) [2], : 



det(7„ 



$(<7) 



where, ^ymn = Vni^ dn is the induced metric on the string Euclidean 

world-sheet = X^{a), sign(7mn) = (+ ,+); finally, /jq = l/27ra' is the 
string tension. We assigned the following dimension ( in natural units ) to the 
various quantities in (1): 



[a""] = length , [X"]^ length , [$] = 1 



(2) 



For later convenience, we recall the relation between det(7,„n) and the world 
manifold Poisson Bracket: 



det(7^J = {X^X'^ 



(3) 
(4) 



The action (1) is reparametrization invariant provided the auxiliary field $( cr ) 
transforms as a world-sheet scalar density: 



da 



da' 



(5) 



Thus, by implementing reparametrization invariancc $( o" ) can be transformed 
to unity and the Schild action can be recovered as a "gauge fixed" form of (1): 

/ [ $ = 1 , X ] = ^ J d^a' [ det{-imn) + 1 ] = Schild + const. (6) 



where, the numerical constant is proportional to the area of the integration 
domain E. 

On the other hand, by solving $((t) in terms of X from (1) one recovers, 
"on-shell", the Nambu-Goto action 
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0^0= ^fd£i{-i^ I = J d'^a ^J-det{'yr, 



(7) 
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The inverse equivalence relation can be proven by starting from the Schild 
action [3] 



(8) 



and lifting" the original world-sheet coordinates to the role of dynamical 
variables by mean of reparametrization a'^ — a'^{^p) [4]: 

Irep = flO J d'a $-Met i^abia) ] , ^-' = Sij e^^ dm dn ^ (9) 



By variation of I^ep with respect to (p^ one gets the field equation 



$2 



(10) 



Thus, 



c^et[7„.(a)]_^^^^^_^ 1 



$2 



(11) 



and the Nambu-Goto action (7) is ained again. 

This second option introduces a scalar doublet 0*, i = 1 , 2 and expresses the 
scalar density $ as a ^''composite" object, rather than a fundamental one, or as 
a second ''integration measure''' [5]. In any case the final result is unchanged. 
The action (1) is a special case of the general two-parameter family of p-brane 
actions [2] 
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j df+Ve(a) 



(det7^„)"/^ 
e((7)" 



+ n- 1 



(12) 



where, in our notation e(cr) has been replaced by $(cr) and det7TO„ is now 
the square of the Nambu-Poisson bracket { X'^'^ , ■ ■ ■ , X'^p+'^ }npb- 
For n = 2 and p = 1 we obtain (1), while for n = 1 the auxiliary field decou- 
ples and we get the Nambu-Goto action. 

In a naive, but not too much, way of thinking, one could trace back the corre- 
spondence between Yang-Mills gauge fields and Schild strings to the common 
quadratic form of both actions in the respective sets of "field strengths" : 

^ { X^ }p3 {X,,X^ ^ ^ TrF,^ F^^ (13) 



3 



Pushing this formal analogy a little forward, and taking into account a possible 
gauge field type formulation of string dynamics [6], one would expect to find 
a similar relation between the Nambu-Goto action and a non-Abelian Born- 
Infeld type action 

^{X^,X-}pb{X^,X4p3 ^ (?) ^^^SS^F^ (14) 



While being suggestive, relation (14) suffers from various problems not present 
in (13), e.g. the very definition of the non-Abelian version of the Born-Infeld 
action is ambiguous [7] . As the relation (13) can be obtained through several, 
non-trivial steps, including "quenching", large- expansion, Wigner-Weyl- 
Moyal quantization, it is the purpose of this communication to investigate 
how this approach can be, eventually, extended to the square root type gauge 
action in (14). 

The non-perturbative aspects of the Yang- Mills models are better described by 
transforming the original gauge field theory into a Matrix Quantum Mechanics. 
Such a transition is realized through dimensional reduction and quenching. 
The technical steps which allows to "get rid of" the internal, non-Abelian, 
indices i, j and replace the spacetime coordinates with two continuous 
coordinates {a^ , ), are described in some detail elsewhere [9], and will not 
be repeated here. For the reader convenience we shall give only sketch the 
main steps. The general procedure can be summarized as follows. 
Take the large-A^ limit, i.e. let the row and column labels i, j to range over 
arbitrarily large values. Thus, SU {N) U (N) and the group of spacetime 
translations fits into the diagonal part of U{oo). By neglecting off-diagonal 
components, spacetime dependent dynamical variables can be shifted to the 
origin by means of a translation operator \J{x): since the translation group is 
Abelian one can choose the matrix \J{x) to be a plane wave diagonal matrix 



^ab{x) = Sabexp {iq^^.x") , (15) 

where q"'^ are the eigenvalues of the four- momentum q^. Then 

K^{x) = exp (-iq^x'^) A^(0) exp {ic^x'^) = Ut(x) A(f)U(a;) 
and in view of the equality 

D^A. = i\j\x) [q^ + AW, a.] U(x), 
which when antisymmetrized yields 

D[^A.] = iU\x) [q^ + AW, q. + A^")] V{x) = iU\x) [a(^\ A^^i)] V{x), 
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we can see that the translation is compatible with the covariant differentiation, 
so that 

F^,(x) = exp {-iq^x^) F^,(0) exp (iq^x'^) = Ut(x)F2]U(x) . 

Quenching Approximation amounts to take into account the contributions of 
the slow modes, described by the eigenvalues of the momentum matrix q and 
"integrate out" the non-diagonal fast modes. The final result is to turn the 
original gauge theory is transformed into a quantum mechanical model where 
the physical degrees of freedom are carried by large coordinate independent 
matrices. Finally, the spacetime volume integration is regularized by enclosing 
the system in a "box" of four- volume V 

Jd^x — > V 

In a Yang-Mills framework one can relate V to the QCD scale, i.e. V — 
( 27r/AQCD )^ [11]- Here, we shall determined V by matching the large- A?" hmit 
of our matrix model with the Nambu-Goto action. 



The resulting quenched action is 

5?i/,= ^Tt([A<-),AW]y (16) 

The large-A^ quantum properties of the matrix model (16) can be effec- 
tively investigated by means of the Wigner-Weyl-Moyal correspondence be- 
tween matrices and functions, i.e. Symbols, defined over a noncommutative 
phase space. The resulting theory is a deformation of an ordinary field the- 
ory, where the ordinary product between functions is replaced by a non- 
commutative *-product. The deformation parameter, measuring the amount 
of non-commutativity, results to be 1/N, and the classical limit corresponds 
exactly to the lavge-N limit. The final result is a string action of the Schild 
type, which is invariant under area-preserving reparametrization of the world- 
sheet. 

More recently, we have also shown that bag-like objects fit the large-A^ spec- 
trum of Yang-Mills type theories as well, both in four [9] and higher dimen- 
sions. 

Here, we would like to explore a different route leading in a straightforward 
way to a Nambu-Goto string action. Having discussed the role of the auxiliary 
field $ in bridging the gap between Schild and Nambu-Goto actions at the 
classical level, we propose the following improved gauge matrix model 



+ (17) 
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where, ^ is a N x N diagonal matrix. In a different framework, a similar 
matrix variable have been introduced to build a consistent path integral for 
the matrix version of type IIB superstring model [10]. 

We see, as things stand up to now there seems to be a qualitative difference 
between equation (17) and equation (9). This is the absence of the analogous 
to the last term in eq. (17), the one that contains only Tr($), which is absent 
in eq.(9). Nevertheless the corresponding demand that the "measure" <l> be 
a "total derivative" can be implemented in simple ways also in the matrix 
model. The first way to implement this is as follows: let us take (17) with the 
first term in the right hand side only, but let us also say that the variation with 
respect to $ has to be performed taking into account that $ is in some sense 
the anologous of a "total derivative" . But then, what is a total derivative in 
the matrix formulation? One property of a total derivative is that its integral 
is is fixed from the boundaries, which are not varied. Let us say for simplicity 
that we take the integral to be zero ( fixing it to another constant will not 
change anything ). In this case we must proceed as follows: 

(1) Take the action as in (17), but only consider the first term in the right 
hand side. 

(2) Consider the variation of such action, but with the constraint that $ is 
a total derivative, which means that Tr(<I>) = . 

(3) To do this in practice we add to the action defined in (1) cTr(<I>), where 
c is an undetermined lagrange multiplier which implements condition 
(2). The resulting theory will have then an arbitrary string tension if 
we continue from (2). The constant c , i.e. the undetermined lagrange 
multiplier playing the role of the constant of integration in (11). 

Yet another way of proceeding is to explicitly construct a composite measure 
in the matrix formulation ( instead of using a property a total derivative must 
satisfy and then implement this ). The procedure in this case would be: 

• i) the world sheet coordinates are replaced by matrices 

• ii) the derivatives are replaced by commutators between the matrix coordi- 
nates and the matrix momentum Qa- 

The end result is a matrix $ : $ = e"^em„ [qa , ■C™ ] [lb , ] which should 
be used in (17), except that now the second term in (17) and/or a possible 
lagrange multiplier is now not necesary ( the constraint Tr($) = is now an 
identity). Now, going back to the action (17), if $ is taken to be the N x N 
Identity matrix, then action (17) takes on the form of the Yang-Mills action. 
On the other hand, if we let $ to be diagonal, = 0(a) ^ab ( no summation 
over the index a ), and determine its eigenvalues by varying (17), we find 





NV 



TrF(o)„^F(o)/*'^ 



(18) 
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All the eigenvalues arc degenerate and quadratic in the Yang- Mills field strength. 
By inserting (18) into (17) one finds: 



S^Lym = y ^ F^X^ F(o)c^.^ ^ ^ ^Tr F^^ F(o)m^ (19) 



The action (19) is the "square root" form of a non-Abelian Born-Infeld type 
action, where the trace is the standard one. The ambiguity in the definition 
of the trace over internal indices is removed, in our model, by choosing $ 
to be diagonal. With hindsight, we know that in the largc-A^ limit the trace 
over internal SU ( N ) indices will turn into an integration over world manifold 
coordinates. Thus, it is compelling to "move out" the trace from the square 
root, in order to obtain a Nambu-Goto type action integral. What we are 
going to describe is a procedure such that in the large- A?" limit: 

J (20) 
s 



and the non- commuting Yang-Mills matrices are replaced by commuting string 
coordinates. 

The string world-sheet is the target spacetime image — Xf^{ a^,a^) of the 
world manifold E : — oo < (7° < +oo, < cr^ < L, belonging to the algebra 
A of C°°, of functions over S. Thus, to realize our program we must deform 
.4 to a non-commutative "starred" algebra by introducing a *-product. The 
general rule is to define the new product between two functions as (for a recent 
review see [12]): 

f*g^fg + hPn{f,g) , (21) 



where Pn.{f ,g) is a bilinear map Pn : A x A ^ A. h is the deformation 
parameter, which, in our case, is defined as h = 2t:/N. The Moyal product is 
defined as the deformed *-product 



f{a) *g{a)= exp 



2 9(7"^^^^ 



mm 



(22) 



where u'^'^ is a non-degenerate, antisymmetric matrix, which can be locally 
written as 




(23) 
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The Moyal product (22) takes a simple looking form in Fourier space 

F{a) * G{a) = / ^ exp (z^^^a^r) ^ + ^) ^ " ^) ' (24) 



where F and G are the Fourier transform of / and g. Let us consider the 
Heisenberg algebra 



[K,P]=th; 



(25) 



Weyl suggested, many years ago, how an operator Op(K,P) can be written 
as a sum of algebra elements as 



Op = , / dpdk F {p ,k) exp (zpK + ikP) 
(27r) J 



(26) 



The Weyl map (26) can be inverted to associate functions, or more exactly 
symbols, to operators 



F{q ,k) = J -^-^expi-ik^) + ^| 



Of(K ,p 



9-4/' ^^^^ 



moreover it translates the commutator between two operators C/, V into the 
Moyal Bracket between their corresponding symbols lA{a), V(o") 



[U.V] 



MB 



\{U*V -V *U) 

in 



and the quantum mechanical trace into an integral over Fourier space. A 
concise but pedagogical introduction to the deformed differential calculus and 
its application to the theory of integrable system can be found in [13]. We are 
now ready to formulate the alleged relationship between the quenched model 
(19) and string model: the symbol of the matrix A^^^ is proportional to the 
string coordinates X'^(cr° ,cr^ ). Going through the steps discussed above the 



action S^li^ transforms into its symbol W^"^"^ 



YM/$- 



S- 



(q) 

YM/# 



(q) 



YM/$ 



NV 
8^ 



(Pa 



<f(a: 



*{A,(a),A.(a)}^3+|^$(a) .(28) 



and we rescale the Yang-Mills charge and field[3 as 



For the sake of clarity, let us summarize the canonical dimensions in natural units 



8 



MB ■ 



(30) 



Finally, if ^ 1 the Moyal bracket can be approximated by the Poisson 
bracket 



{X\X^}y,^^{X\X'^} 



PB 



and (28) takes the form 



^YM/$ ~^ '^NG 



^ [d'a 



$(<7) 



{X,{a) ,X^{a)}l^ + g'^a) 



(31) 



which is (1) provided we identify 



47rgW 



(32) 



According with the initial discussion we can establish the following, large-A'", 
correspondence: 



:(q) 



:'(q) 



-"BI-YM ~ '-'YM/$ 



^77= / ciV J-det{-fmn) 

1 W I 



AngVV 



(33) 



As a concluding remark, it may be worth mentioning that the approach dis- 
cussed above can be extended in a straightforward way to a more general 
non-Abehan Born-Infeld action including topological terms. Instead of start- 
ing from (17), one can consider 



^(q) 

'ym/* 



+ 



\AgiM^ 



+ ^IV$. (34) 



where, I is the N x N identity matrix and M a new mass scale. The coefficient 
in front of the topological density has been assigned in analogy to the Abehan 



of various quantities: 

[ V(^)] = [Aji)] = (length)-i , [F^.«(x)] ^ [F^.(^)] = (length)-^ 
[go] = [g] = {lengthf = l, [F] = (length)\ [/xq] = (length) . 
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case, where no trace ambiguity occurs and the square root form is derived by 

expanding the determinant of the matrix M^,^ = Sf^iy + const, x F^,^. 

The topological density contribution trivially vanishes in the large-iV limit: 



A non- vanishing contribution from the topological term can only be obtained 
if strings are replaced by higher dimensional extended objects [9] . Thus, as far 
as strings are concerned, one finds 



Recent results about UV/IR interplay, in the framework of noncommuta- 
tive Yang- Mills theories [15], suggest to investigate the behavior of the action 
(36) by changing the size of the quantization vohime V . In the small vol- 
ume limit, i.e. V « W the main contribution to comes from the 
det[7m„] and the Nambu-Goto action is recovered again. The quantization 
volume drops out and the string tension, i.e. /^o = M^/4:ng, is determined by 
the only relevant mass scale M. 

In the opposite, large volume, limit, i.e. V » l/ig"^ M"^, the second term in 
the square root is small with respect to 1 and the first non-vanishing con- 
tribution of the Taylor expansion is the Schild action. In this regime the 
relevant energy scale is set V~^^'^ and the corresponding string tension is 
/xo = l/327Tg^VV. 

Prom a different point of view, Fairlie has recently pointed out some intriguing 
analogy between the Born-lnfeld and Nambu-Goto actions [14]. Our results 
supports this connection. We believe we bridged the gap between four dimen- 
sional gauge theories and fully reparametrization invariant string models. We 
found new, non-trivial, relationship between a class of generalized SU ( N ) 
models and Born-Infeld/Nambu-Goto strings, provided a new matrix degree 
of freedom, $, is introduced. In the original SU{N) model $ connects the 
Yang-Mills phase, at $ = I, with the, non-linear, Born-lnfeld phase, where 
the eigenvalues 0(a) are given by equation (18). In the large- limit the order 
parameter becomes a world-sheet auxiliary field linearizing a square root type 
Born-lnfeld string model. The small, respectively, large volume hmits of this 
model correspond to Nambu-Goto and Schild actions. 
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